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Multi-projector arrangement optimization ensuring
full coverage based on diagrammatic nature of polygo-
nal boundaries

Jun Nishimura HT, Naoki Hashimoto (member)t

Abstract In Wide-Area Projection with multiple projectors, the existence of Non-Projected Areas (NPAs) inside the
image projection area preset on a wall surface significantly degrades immersive experience. Therefore, we propose a novel
method to certainly obtain the optimal multi-projector arrangements so that NPAs are excluded completely, that is, the
image projection area is entirely covered. In detail, the proposed method includes A) the method to determine feasibility

(whether NPAs exist or not) by identifying intersections of polygonal boundaries, and B) the method to compute an initial

feasible solution (an arrangement with no NPAs) by minimizing Non-Projection Ratio (NPR). Furthermore, we experimentally

confirmed that all optimal solutions computed by the proposed method were feasible.

Key words: Non-Projected Area, Non-Projection Ratio, intersections, feasibility, Wide-Area Projection.

1. Introduction

Spatial Augmented Reality (SAR) is an immersive
technology that modifies the appearance of an object
realistically by projecting an image onto it. Particu-
larly, projecting an image onto a wide area of a wall
surface can provide viewers with an immersive experi-
ence as if they actually visit another place. However,
depending on the size of the target projection area, a
single projector sometimes cannot cover the entire area.
In such cases, projecting a single combined image by
multiple projectors is a useful way, which is known as
“Wide-Area Projection”".

In Wide-Area Projection, it is very important that
Non-Projected Areas (NPAs) do not exist inside the
image projection area preset on a wall surface, because
the existence of NPAs results in “black spots” appear-
ing in the projected image and significantly degrades
the immersive experience.

However, determining arrangements of multiple pro-
jectors wth no NPAs in real space requires a great deal
of time and effort. Of course, the simplest way is to
arrange projectors facing straight the wall in a tiled
pattern, but this is usually impractical because of the

constraints on the fixable positions of the projectors.
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For example, if you attempt to fix projectors to a rail
equipped beneath a ceiling and being parallel to the
wall, you need to iterate the following tasks again and
again: (a) determine where to fix each projector on the
rail, (b) adjust a posture of each projector, (c) check
with eyes whether NPAs exist or not.

One of the conceivable solutions to reduce the work-
load of determining the arrangements is to provide the
best arrangement information among various arrange-
ments simulated in virtual space for those who attempt
to arrange multiple projectors in real space.

However, there is no known prior art focusing on com-
plete exclusion of NPAs in the field of computing opti-
mal multi-projector arrangements. Therefore, we par-
ticularly focus on intersections of polygonal boundaries,
and propose a novel method to certainly obtain the op-
timal multi-projector arrangements so that NPAs are
excluded completely, that is, the image projection area

is entirely covered.
2. Related Work

This section outlines prior arts known in the field of
computing optimal multi-projector arrangements.

Shimazu et al.? and Matsumura et al.® computed
the arrangements by maximizing pixel density under
the projection onto a 3D object’s surface. In order to
minimize “Shadow Area” where pixel density is zero,
Shimazu et al.? incorporated the indicator “target pixel
density” into the evaluation function instead of simply

evaluating the average pixel density, and Matsumura
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et al.® divided a 3D object into multiple parts and di-
rected each projector towards the center of each part.
However, both papers reported that “Shadow Area”
was reduced but still remained.

Aoki et al.¥ computed the arrangements by multi-
objective optimization with 3 indicators (pixel density,
degree of focal blur, size of “Shadow Area”) under the
projection onto the wall surface of a plane or planes
connected with each other. However, the experimental
result shows that some final outputs included NPAs.

Li et al.”® computed the arrangements by minimiz-
ing the evaluation function including 4 indicators re-
lated to the resolution on a cylindrical screen and the
distance between projectors and the screen. In order to
prevent NPAs appearing, sampling points correspond-
ing to each projector are set on the screen, and the
evaluation function is designed to be assigned to a huge
value when each sampling point is not illuminated by
any projector. In this method, however, the projection
area on the screen corresponding to each projector must
be preset manually.

Kobayashi” computed the arrangements by maximiz-
ing the evaluation function including 3 indicators (res-
olution, luminance, crossing) under the projection onto
a curved or planar screen. However, no particular con-
sideration was given to NPAs in this art.

Hiraki et al.® and Law et al.” focused on the sim-
ilarity between multi-projector arrangement optimiza-
tion and viewpoint planning (e.g., art gallery problem).
However, Hiraki et al.®’ computed only candidate ar-
rangements, not arrangements themselves, and Law et
al.” incorporated the indicator “binary visibility term”
into the evaluation function, but there is no mention
about visibility of the entire surface of objects, i.e., non-
existence of NPAs.

In summary, the method to minimize NPAs or the
method to exclude NPAs under the manually preset
projection areas are already known, but the method to
achieve complete exclusion of NPAs with no manually

presetting step is not known so far.
3. Optimization Problem in This Study

3.1 Problem Formulation
(1) Variables

In the above arts®™%

, a position and a posture of
each projector’s light source themselves were used as
variables, but in this study, a position of each fixing

tool for each projector and its fixing angles are used as
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variables instead. This is because those who attempt
to arrange multiple projectors in real space probably fix
them by fixing tools, each of which has multiple joints
with their fixing angles adjustable respectively, hence
considering fixing tools should make the optimization
problem more realistic.

Let p, € R¥(n = 1,2,...,N) be the position of a

pan rotation joint, and 6, 6! 6"

be the fixing angles
of pan/tilt/roll rotation joints, where N is the number
of projectors (see Fig.1). Besides, we define a variable
zn, = {pn,0%,0!,0"

n>nivn

} and term © = {z1,22,...,2N} a
solution. Thus, the position of a light source s, € R?
is expressed as
Sp = DPn + Ry (02) 1por + Ry (9;) R, (0%) 12y
+ R, (0,) Ry (07,) Ry (05) rras,
where R.(-),R,(:),R.(-) denote rotation matrices
about -, y-, z-axis, a2, € R? denotes the relative posi-

tion vector of a point b from a point @ in the reference

Fig.1 Fixing tool for each projector.

Fig. 2

Example of an infeasible solution; (Top) Before
“Intensity Blending”, (Middle) After “Intensity
Blending”, (Bottom) Whole image projection.
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projection state (62 = 0! = 6" = 0), p,t,r denote a
pan/tilt/roll rotation joint respectively, and s denotes
a light source.

(2) Constraints

We assume that a polygonal target projection area
T is set on a planar wall surface W (see the top of
Fig.2), and define non-existence of NPAs inside T as a
constraint on computing the optimal arrangements.

In the field of optimization, solutions satisfying con-
straints are generally called feasible solutions, otherwise
called infeasible solutions. Hereinafter, F denotes the
set, of feasible solutions.

Fig.2 shows an example of an infeasible solution. In
detail, the projection before/after performing “Inten-
sity Blending”'®, which adjusts the luminance of over-
lap projection areas, and whole image projection are
shown in Fig.2. As can be seen in Fig.2, NPAs appear
as “black spots” in the projected image.

3.2 Optimization Framework

There are an infinite number of multi-projector ar-
rangements, because each projector placement is repre-
sented by 6 continuous variables (z-,y-, z-components
of p, and 62, 0! "), and the multi-projector arrange-
ments is represented by 6 x N continuous variables. In
this study, however, to simplify the problem, we con-
sidered only a finite number of arrangements under the
presupposition that all variables are discrete. Note that
there are an enormous number of variable combinations
(see 6.1 (2) and Table 1) despite the finite number.

Such problems that each variable is discrete are
known as “combinatorial optimization problems”, and
Local Search Algorithm (LSA) is the most basic method
applied to these problems. However, simple application
of LSA often results in stopping at a local optimum
despite the existence of better solutions nearby, thus
various methods have been proposed to overcome this
drawback. In this study, we attempted to adopot the
simplest method among them called “multi-start” ap-
proach, which selects the best local optimum among the
results of multiple runs of LSA (see 6.3 (2)).

LSA is the method to minimize an objective function
f(z) under the preset neighborhood N(z) C F which
is the set of slightly modified solutions from a solution
z. In more detail,

Compute an initial feasible solution = € F,
Move to the improved solution 2’ € N(z) satisfying
f@) < f(),

Repeat step (b) until no improved solution is
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found.

In this study, we define N(z) as slightly modifying at
least one variable among the above 6 variables of a pro-
jector selected from NN projectors, under the condition
of x € F. Note that the detail of the objective function
f(x) is described in 5. 7.

In order to perform LSA in this problem, the follow-
ing 2 methods must be identified:

A)  Method to determine feasibility (whether NPAs ex-
ist or not),
B) Method to compute an initial feasible solution.

Regarding A), however, as discussed in section 2,
there is no known prior art focusing on complete ex-
clusion of NPAs, thus the conditions for determining
whether NPAs exist or not in this problem have not
been clarified. Besides, regarding B), finding an initial
feasible solution itself is difficult in this problem (see
6.2), thus it is necessary to devise a new method to
find it.

4. Proposed Method

4.1 Feasibility Determination
The proposed method is as follows:
(a) Compute 4 vertices’ coordinates of each projection

area from the values assigned to z,, (see 5.1),

(b) Compute Edge Intersections (EIs), Outer Edge In-
tersections (OEIs) and Outer Intersections (OIs)
from the coordinates computed in step (a) (see
5.2),

Determine that no NPAs exist if all the following 3
conditions are satisfied, otherwise determine that
NPAs exist:

(i) EIs exist,

(ii) No OEI exists,

(i) No OI exists inside T.

For example, regarding 3 arrangements shown in

Fig.3, (A) is determined as a feasible solution because

all the above 3 conditions are satisfied; (B) is deter-

mined as an infeasible solution because the conditions

(ii),(iil) are not satisfied; (C) is determined as an infea-

sible solution because the condition (i) is not satisfied.
4.2 Initial Feasible Solution Computation
The proposed method is as follows:

(a)

(b)

()

Generate an initial random solution,
Minimize Non-Projection Ratio (see 5.6) by LSA,
Repeat steps (a),(b) until a feasible solution is ob-
tained as the result of step (b).
Note that the condition € F is removed in the LSA
in step (b), unlike the algorithm described in 3.2, be-
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Fig. 3

(A) Example of a feasible solution (green dots

represent EIs), (B) Example of an infeasible so-
lution (red dots represent OEIs, blue dots repre-
sent Ols inside 7), (C) Example of an infeasible
solution (no EI exists).

cause a randomly generated solution is rarely feasible
(see 6.2), and almost all solutions found in step (b) are

infeasible.
5. Description

This section describes numerical computation meth-
ods for the optimization and backgrounds related to
the numerical computations. If you would like to know
the experimental results at first, skip this section and
proceed to section 6.

The summary of this section is as follows:

e How to compute 2D coordinates of vertices and
intersections of polygonal boundaries on the wall
surface (see 5.1 and 5. 2),

Arrangements within or out of the scope in this

study (see 5.3 and 5.4),

General mathematical expression of the area en-

closed by polygonal boundaries (see 5.5),

How to compute Non-Projection Ratio (see 5.6),

Design of the objective function and how to com-

pute it (see 5.7, 5.8 and 5.9).

5.1 Vertices of Each Projection Area

We define the light source coordinate system so that

its origin is set on the position of each projector’s light
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light source

Fig.4 (A) Light source coordinate system, (B) Rela-

tionship between reference projection area pref

and each projection area P,,.

source and its light direction is set as (0,0,1) (see Fig.4
(A)). Besides, the reference projection area P"¢/ is set
on the plane z = 1. In the light source coordinate sys-
tem, each vertex U:ef € R? (i = 1,2,3,4) of P¢/ is
expressed as

W = (=W/2+ Lo, H/2+ Ly, 1),

o = (=W/24 Ly, —H/2+ Ly, 1),

v = (W/2+ Ly, —H/2+ Ly, 1),

o = (W/2+ L., H/2 + Ly, 1),
where W, H denote the width /height of P¢/ and L, L,
denotes the amount of the lens shift in width/height di-
rection.

In the world coordinate system, the direction d,, ; €
R3 (see Fig.4 (B)) from a light source s,, to each vertex
“f is expressed as d,; = R(0%,07.07) v, In this
study, we adopted the rotation matrix R (6,,0,,6.) =
R, (6,) Ry (6;) R, (0.), which is also adopted in the

game engine Unity®.

T
U;

Note that the intersection of a straight line p = a+kd
and a plane (p —b)-n = 0, where a,b,d,n € R, k € R,
is generally expressed as

pza—l—i(b_a).nd.

Therefore, the V%Oﬂd coordinate of each vertex vy, ; €
R3 of each projection area P,, can be computed by set-
ting a = s,,b = 0,d = dp;,n = (0,0,1), and the 2D

/

n,i)x, (v;”)y) is used as the vertex

coordinate vy, ; = ((v
coordinate in the following computations.
5.2 Intersections
(1) Intersection Determination
For given 2 line segments AB,CD on the plane R?,

if0<s<1land0<t<1, then they intersect, where

s R
= o N

and the operator “x” denotes outer product, i.e, axb =
azby — ayby (a,b € R?).
Note that ﬁ = sﬁ = t@, if AB,CD have an
intersection P.
(2) Inside/Outside Determination

For a given point = and a given polygon P, whether x
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aries is expressed as
K Ng

1
5 Z Z Pk X Pri+1y  Phk.Net+1 = Pk,

k=11=1

where the operator “x” denotes outer product, i.e,

axb=ayb, —ayb, (a,becR?).
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is inside/outside P can be determined by the algorithm
of the combination of Winding Number Algorithm and
Crossing Number Algorithm'V.
(3) Intersections Computation

Let the target projection area 7 be a polygon with
NT vertices v;’; € R? (iT =1,2,.., NT). Intersections
can be computed as follows:
(a) Determine whether each side I, i, (i1 = 1,2,3,4)
of P, and each side l,,, (i2 = 1,2,3,4) of Py,
(ng # np) intersect or not, and if they inter-
sect, compute the coordinate of the intersection
Unyiv,no,is € R2, where lni = Univ1 — Up, and
Un,5 = Un,1,
Identify iy, i, n,.i, Outside Pp, (Vng #* nl,ng) as
OIs. Hereinafter, iy € R? (n, = 1,2,...,N,) de-
notes each OI,
Determine whether each side I, ;, (i1 = 1,2,3,4)
of P, and each side [/ of T intersect or not, and if
they intersect, compute the coordinate of the inter-
section i, € R? (n. = 1,2,..., N.), and identify 45,
as Els, where lz; = UZ;H - vz; and UJCTH = vlT,
Identify ij, outside P,, (Vnz # nl) as OEIs. Here-
inafter, i7° € R? (noe = 1,2, ..., Ny ) denotes each
OEL

5.3 Exceptional Arrangements

(d)

The target projection area 7 and each projection area
‘P, can be understood as a diagram enclosed by a polyg-
onal boundary respectively, and that is the same with
the area of combined multiple P,, overlapping with each
other.

polygonal boundaries overlap only at their intersection.

In this study, we assume that 2 of the above

In other word, the following 3 cases about N + 1 polyg-
onal boundaries (07 and 0P, (n=1,2,...,N)) are out
of the scope in this study (each example is shown in
Fig.5):

(a) A vertex of one boundary is on a side of the other
boundary,

(b) A vertex of one boundary and a vertex of the other
boundary overlap,

(¢) More than 3 boundaries intersect at a single point.
In detail, the cases where s = 0,s = 1,t = 0,t = 1

(a)-1 (a)-2

(b) (c@
Fig.5 Examples of exceptional arrangements.
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in steps (a),(c) described in 5.2 (3) correspond to the
cases (a),(b), and the case where the same 2 intersec-
tions exist among all intersections computed in steps
(a),(c) described in 5.2 (3) correspond to the case
(c).

the cases (a)-(c), the position of the light source s,

Besides, if an arrangement correspond to any of

is slightly changed (e.g., +0.1mm in y-direction), thus
such an exceptional arrangement can be modified to a
typical arrangement within the scope in this study.
5.4 Relationships between P,, and T
The relationships between P,, and T are classified
into the following 3 types (each example is shown in
Fig.6):
(a) Els exist,
(b) The vertex vy is inside T,
(c) The vertex v, 1 is outside 7.
In this study, we assume that arrangements with pro-
jection areas of type (c) are excluded in advance. This is
because a projection area of type (c¢)-1 is the area where
no image is projected at the time of the whole image
projection (see the bottom of Fig.2), thus considering
such an area is absolutely meaningless, and because a
projection area of type (c)-2 covers T entirely by itself,
thus there is no meaning of using multiple projectors.
In order to exclude such arrangements, an arrange-
ment with projection areas of type (c)-1 is not adopted
as an initial random solution in step (a) described in
4.2, and the distance between each projector and the

wall surface W need to be preset appropriately so that

its value is not too large.

Fig.6 Relationships between P,, and T.

5.5 Area Calculation

For given K polygonal boundaries disconnected with
each other, each of which has Nj vertices pp; €
R2 (i = 1,2, ..., N},), the area enclosed by all the bound-

aries is expressed as
1K N

3 Z Zpk,i X Pk,i+1s  Pk,Np+1 = Pk,1,
k=1 i=1 )
where the operator “x”

axb=azb, —ayb, (a,b € R?).

13

denotes outer product, i.e,
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P1a
3,1
P12 PLs P
P34
v P3,2
P33
P1,3 Hole

P14
Fig.7 Example of ordering vertices.

Note that the plus/minus sign of Zi&l Dhi X Phit1
is opposite according to whether the order of vertices is
clockwise or counterclockwise, thus the hole areas are
excluded naturally by ordering the vertices of hole ar-
eas and the others oppositely (an example of ordering
vertices is shown in Fig.7).

Therefore, to calculate the area by the above equa-
tion, the circular permutation of each polygonal bound-
ary’s vertices needs to be identified.

5.6 Non-Projection Ratio

(1) Equation

Let 0¥ be the boundary of X (=J, P,), and
00™sie T he the set of polygonal boundaries, each of
which is one of the polygonal boundaries comprising 0%
and is inside 7.

Non-Projection Ratio (NPR) is expressed as

If Els exist and no OEI exists,

A (Oinside T)
A(T)
Otherwise,
A (Ommside T) 4 A(ENT)
A(T) ’

where A(-) denotes the area (examples of these 2 cases

(a)

(b)
1—

are shown in Fig.8).
(2) Circular Permutations
The method to generate the circular permutations of
0Y and 0 (X N T) shown in Fig.9 is discussed below.
Firstly, the circular permutations of 9% can be gen-
erated as follows (see also Fig.10):
(a) Generate a circular permutation starting from v,, 1
and including vertices v, ; of 9P,, Ols i; and
OEIs 3¢,
v = 17 = v = i) S v =05 —0f
—v14 =05 —
If vy, 1 is outside Py, (Yn' # n), identify the second

;0
Zno

(a) as a starting point of extraction, if not, iden-

in the circular permutation generated in step

tify the first ) ~as it, and extract permutations

whose both ends are iy, ,
15 =143, 49— v — 90 = v =4

Perform steps (a),(b) for all 9P,, with Ols ¢

-0 ~0€ e
i3 —> iy — ig,

o
ng?

()

-0 -0
g — V2,4 — V2,1 — 1y,

410

Fig.8 2 cases for computing NPR.

Fig.9 Example of 9% and 9 (XN T).

Fig.10 Vertices of 9Py, 9T, Ols i;, and OEIs i;¢ .

-0 ‘oe -0 -0 -oe -0
1] —> 13 —> V32 —>U33 ~71lg, 1Ly >l 1y

(d) Generate circular permutations by connecting the

permutations generated in steps (b),(c).

i — 1§ = 15° — ip — 13° =,

ig — v, =90 = ve i) = 18° = vg o

—U33 — ig —> Vg4 —> U] —

Note that if a circular permutation generated in step
(d) has no OEI 45° and the first point in the circular
permutation is inside 7T, the circular permutation is an
element of 9O™s%e T Besides, circular permutations
corresponding to holes are ordered clockwise, while the
others are ordered counterclockwise.

Next, from the circular permutations generated in
step (d) and including OElIs i7° , the circular permuta-
tions of (XN T) can be generated as follows:

(e) If the first point of a circular permutation is outside
T, identify the first i7° in the circular permutation
generated in step (d) as a starting point of extrac-
tion, if inside, identify the second #7° as it, and
extract permutations whose both ends are i7° |
193¢ — 19 — 1§ — 15°,
i1 = v 9 — 1] = 5°

T

Generate a circular permutation starting from v{

and including vertices viTT of 9T and OEIs ip° |

v] = vl i8¢ = vl =i —ig°
—u] — % —
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Fig. 11
(g) 1If o] is outside all Py, identify the first i%° in

the circular permutation generated in step (f) as

Examples of &P,, with no Ols i, .
to

a starting point of extraction, if not, identify the
second i7¢ as it, and extract permutations whose

both ends are ¢2° |
oe

T

19 — vg T

— 9%, 15° = v, —if°

Generate circular permutations by connecting the
permutations generated in steps (e),(g),

098 — 1§ — 05 — iS¢ — v]

—iS = i5° — v] —

Note that for 0P, with no OI i}, ,

P (Y1’ # n), steps (a),(e)-(h) are performed but steps

(b)-(d) are not performed, otherwise none of steps (a)-

— ii)e — V1,2

if v,, 1 is outside

(h) are performed (examples of these 2 cases are shown
in Fig.11).
5.7 Objective Function
In this study, the following function f(x) is adopted
as the objective function described in 3. 2:
f(z) = w1 By +waEs + w3 Es,
Ey=1-up,

where E; denotes sticking-out ratio (see 5.8), u,o de-

E3:O.7

note the average and the standard deviation of the lu-
minance inside 7 respectively (see 5.9), and w1, wa, ws
denote weights corresponding to E1, Fo, E3.
Each objective of introducing F1, E5, E3 is as follows:
FE4 :To reduce sticking-out area, where no image is pro-
jected at the time of the whole image projection
(see the bottom of Fig.2),
E>5 :To increase the luminance inside 7T,
Es
5.8 Sticking-Out Ratio
(1) Equation

Sticking-Out Ratio is expressed as

1 A (P,NT)
2 A

: To make the luminance inside 7 uniform.

LN A

where A(-) denotes the area, A’(-) denotes the normal-

ized area, and A (P™/) = HxW (see 5.1 about H,W).
Note that the area of P, N7 is normalized by pro-

jecting P, N'T onto P"¢/, where pixel density is uni-

form. This is because the pixel density inside P,

is not uniform except the reference projection state

(2 = 0! = 67 = 0), hence if the area of P, itself is
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Normalized 7 ]
Sticking-Out Area -
P/Tef—-+

N A (P.NT)

Sticking-Out

Area

Fig.12 Normalizing sticking-out area.

Fig.13

Vertices of 0Py, 0T and Els i, .

adopted as the evaluation indicator, the areas with dif-
ferent pixel densities are evaluated as the same values,
but such an evaluation is not appropriate.

In detail, an intersection of P/ and a straight line
connecting s, and each vertex of P,,N7T is computed as
each vertex of the projected region, and the area of the
projected region on P7¢/ is computed as the normalized
area A" (P, NT) (see Fig.12).

(2) Circular Permutations

The method to generate the circular permutations of
0 (P, NT) shown in Fig.13 is discussed below. Note
that the sticking-out area of P,, with no EI iy, can be
determined as 0 without performing the following steps.

(a)

Generate a circular permutation starting from vy, 1

€

and including vertices v, ; of 9P, and Els iy, ,

Up1 — Upo —> 1] =195 —> Up3 —> 05 — Upa
—ig —
If v, ; is outside T, identify the first 4;, in the circu-
lar permutation generated in step (a) as a starting
point of extraction, if inside, identify the second iy,
as it, and extract permutations whose both ends
are i, ,
17 =15, 15— vpa — g

Generate a circular permutation starting from UlT

€
Ne?

and including vertices vz; of T and Els i

o] =i s vl —i§ — i — vl >
—ig —

If v is outside P,,, identify the first ¢, in the cir-
cular permutation generated in step (c¢) as a start-
ing point of extraction, if not, identify the second

iy, as it, and extract permutations whose both

ends are iy, ,

i§ — iS5, 0§ —v] =S

Generate circular permutations by connecting the
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permutations generated in steps (b) and (d),
0§ =05 = 0§ = vpa — 05— v] —

5.9 Luminance Evaluation

The method to evaluate the luminance inside T is
discussed below.

We Assume that each projector is an ideal projector
with uniform illuminance distribution on the plane per-
pendicular to the light direction, and the wall surface
W is Lambertian surface (see Fig.14).

From the inverse-square law of illuminance, the lumi-
nance indicator L(p) is expressed as
L= E@ b

Lrey  {d(sn,p)}
where L'(p) denotes the luminance at a point p € R?,

Lycs denotes the luminance in the preset reference dis-
tance dycf, and d (s, p) denotes the distance between
the light source s, and the plane including p and per-
pendicular to the light direction (see Fig.14).

Besides, the luminance indicator Lyjenq(p) after per-

forming “Intensity Blending”'® is expressed as

L d2
Litend(p) = blLG”d‘(p) — Tlef Iy 5
el 5 d(sn,p)}
| = Zlm ln:rIliI?l{’u7'[)71_u71_v}7
neN
N ={nlpeP,},

where Lj,...(p) denotes the luminance at the point p
after performing “Intensity Blending”, and (u,v) is the
coordinate of the intersection of P"¢f and a straight line
connecting s, and p, projected onto a square with each
side of length 1 (see Fig.15).

Finally, the average 1 and the standard deviation o
of Lyiend (pnz,ny) are computed, where py, ,, denotes

each point of N, x N, lattice points preset inside 7.

Sn
Sn Uniform P
I:]/ illuminance \ i
Lambertian d(8n,P) /

dre I
w surface

Fig.14 Assumption for the luminance evaluation.

(u,v)

Fig.15 Projection of the intersection onto the square.

6. Experiments

6.1 Presuppositions

We conducted experiments assuming that each pro-
jector was fixed to the same size tripod via a head with
its fixing angle adjustable and that the tripods were ar-
ranged in a row parallel to the wall. However, if heaven
and earth are reversed, this situation is the same as that
mentioned in section 1 where projectors are fixed to the
rail equipped beneath the ceiling.

(1) Values

We adopted the following values:

Regarding the values described in 3.1, 7p0 =
(0,0.1,0.1), 79, = (0.1,0.1,0), 72, = (0,0.1,0.1),
(pn)y = 0.5, (pn). = 3, where (pn)y, (Pn)-
y-, z-components of p,, respectively;

Regarding the values described in 5.1, H = 0.536,
W=16xH,L,=0,L,=04xH,

Regarding the values described in 5.7 and 5.9, wy =
wy = w3 = 1/3, dyey = 2.8. Note that the value 2.8

is the distance between the light source s, and the

denote

planar wall surface W in the reference projection state
(07, = 01, = 7, = 0);

Regarding the values described in 5.9, N, = 201,
N, = 101 in the final projection quality evaluation,
i.e., when computing u, o in Table 3 and Table 4, while
N, = 21, N, = 11 during LSA described in 3.2 to
reduce computation time.

(2) Combination of Variables

We adopted a rectangular area as the target projec-
tion area 7 and changed the size T, x 7T, according to
N, i.e., the number of projectors.

Besides, the definition area [—7,/2,7./2] of (pn)a«
was divided into N, € N equal parts, and N points
were selected from the NV, + 1 points without dupli-
(n =1,2,..,N), where (pn)x
x-component of p,. Note that (pp)z, (Pnt1)z, i-e.,

the positions of 2 adjacent pan joints were selected so

cation as (pn)sx denotes

that the distance between them was more than k,Ap,,
where k, € N, Ap, = T,/N,.

In addition, any of 13 values from —30° to 30° per 5°
was assigned to 0P, 0% 0" respectively.

Under the above conditions, the number of all combi-
nations of variables is expressed as n'Cn % 13%Y, where
N’ =N, — k(N — 1)+ N. In this study, experiments
under 2 conditions shown in Table 1 were conducted.

(3) Computing Platform

We used the game engine Unity® as a development

environment, and used Intel® Core™ i7-12700H pro-
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Table 1  Presuppositions of experiments.
N | Te x Ty | Ni | kz | Combinations
4| 4x2 | 10| 2 1.63 x 101°
8 | 6x3 | 20| 2 1.63 x 1030
Table 2 Result of Experiment 1.
N Feasible Time(s]
4 {34/1.0x107 | 604
8 | 0/1.0x107 2300
Table 3 Result of Experiment 2.
N | Feasible Eq m o Timels]
4 | 100 /100 | 0.117 | 1.01 | 0.0550 | 48.1
8 | 100 / 100 | 0.102 | 0.887 | 0.131 249

Fig.16 The best solution of Experiment 2 (Projection

by 4 or 8 projectors before/after performing
“Intensity Blending”).

cessor as a CPU.
6.2 Experiment 1
(1) Purpose
To investigate the probability of feasible solutions ap-
pearing in this problem.
(2) Method
For each of 10 million variable combinations ran-
domly selected among those described in 6.1 (2),
the feasibility determination described in 4.1 was per-
formed.
(3) Result & Discussion
The result shows that feasible solutions appear very
rarely in this problem (see Table 2).
6.3 Experiment 2
(1) Purpose
To experimentally confirm that feasible solutions are
obtained certainly by the proposed method.
(2) Method
100 optimal solutions different from each other were
computed by the proposed method, and the solution
with the smallest f(x) among them was determined as
a final solution.
(3) Result & Discussion
The average number of feasible solutions and the av-

erage values of Fq,p,0 in 5 final solutions are shown
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Table 4 Result of Experiment 3.

N | Feasible E: m o Timels]
4 |35.6 /100 | 0.116 | 1.01 | 0.0574 50.9
8 0/ 100 0.839 | 0.912 | 0.156 187

Fig.17 The best solution of Experiment 3 (Projection

by 4 or 8 projectors before/after performing
“Intensity Blending”).

in Table 3, and the best solution among them is shown
in Fig.16. Note that the “Feasible” column in Table 3
means how many solutions among the 100 optimal ones
were feasible on average, i.e., the probability of obtain-
ing feasible solutions. Table 3 shows that all optimal
solutions computed by the proposed method were fea-
sible. Besides, Fig.16 shows that the best solution was
an asymmetric arrangement for z-component of p,, un-
der the presuppositions described above, against our
expectation that it would be the best to arrange the
projectors in bilateral symmetry.
6.4 Experiment 3
(1) Purpose
To experimentally confirm that infeasible solutions
are obtained similarly as prior arts?™* without any spe-
cial consideration of feasibility.
(2) Method
Basically the same method as Experiment 2 was
adopted, but the objective function f(z) described in
5.7 was minimized without any feasibility determina-
tion described in 4. 1.
(3) Result & Discussion
Similarly as Experiment 2, the average results are
shown in Table 4, and the best solution is shown in
Fig.17. Regarding 4 projectors’ arrangements, the best
solution was feasible (see the left of Fig.17), but 64.4%
of the computed optimal solutions were infeasible (see
Table 4).
the computed optimal solutions were infeasible (see the
right of Fig.17 and Table 4).
6.5 Experiment 4

Regarding 8 projectors’ arrangements, all

(1) Purpose

To visualize each convergence with/without the
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Fig.18 An example of NPR and f(z) transitions (8

projectors).

search for an initial feasible solution described in 4. 2.

(2) Method

The values of NPR and f(z) starting from the same
initial infeasible solution were logged with respect to
minimizing f(z) with/without the initial search.

(3) Result & Discussion

An example of 8 projectors’ optimization is shown
in Fig.18. In this example, NPR reached 0 (i.e., non-
existence of NPAs) after 70 solution updates with the

initial search, while did not without it.
7. Conclusion

In this study, we focused on intersections of polygonal
boundaries and clarified the conditions for determining
whether NPAs exist or not (see 4.1). Besides, although
feasible solutions appear very rarely (see 6.2) and the
infeasible optimal solutions are computed without any
special consideration of feasibility (see 6.4), the feasible
optimal solutions were certainly obtained (see 6.3) by
adopting a new method to compute an initial feasible
solution (see 4.2).

This study only discussed application to a planar wall
surface, but the proposed method can be potentially
applied to walls of other shapes, e.g., a combination of
multiple planar surfaces and a simple curved surface,
thus our next goal is to generalize the feasibility deter-
mination conditions applicable to such wall surfaces.

Besides, although multi-start approach was adopted
in this study, more advanced methods called meta-
heuristic approaches (e.g., genetic algorithm) may

achieve more accurate optimization.
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Appendix

The mathematical background of the proposed
method is discussed below.

A. 2 Polygonal Boundaries

A.1 Classification

Any simple closed curve 0C' divides the plane into 2
regions; a bounded interior region C' and an unbounded
exterior region C' (Jordan curve theorem). Accordingly,
under the assumption described in section 5. 3, the re-
lationships between 2 polygonal boundaries 0A, 0B can
be classified into the following 4 groups (each example

is shown in app.Fig.1):

(a) OACB

(b) OBC A

(c) (0AC B) A (9B C A)
(d) 0A® 0B

OA® OB :=(0ANB # @) A (0ANB # @)

(b)
9A

S~
/ ~——

"
A -

l
o
0B

@~ @

—
A B

0A 0B

app.Fig.1 Relationships between 0A and 0B.
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» P S ,-—‘;
£ — N\ | = — /
dA aB / X,> v, &
(B) Vil FEY s l.f 'f—_ / \
( 3 it
L\ T ) \‘> \*ﬂ? )
it s " dA \——"{ R ] o
(AN B) (AU B)
app.Fig. 2 B{R()IZDVTDELE,

A4 AREIZHITB33EH
Ty IREEDIE 0P, 0T OFTO 9P, . 9
T DRETH5(app.Fig.3 (A) &R, H., #

50 (P, N'T) I& 9P, 0T D AND

app.Fig.3 Consideration on Els, Ols and OEls.

BRICk-THONS,
Az S (01) 1, 8M\EM?”®§5T%U
0P, « 307" OFTHB(app.3 B)BMR), ZZ
T. aoff”” k=1,2 -+, K)Fo (=/P,
) 03%%’7@%1%5?15:2%& Z/Pn =n=n Pn o BER
9 1% 9P, 90 DEHD R HERICE->TH
55 EIZEE,
AgRZOEDIE. 008 dTOTTMD A0, ITDXK
=M TdHh5(app.Fig.3 () 2H), 22T, 90 (k
=1, 2, -+, K I 0 DEZAFEREEKT,
BE, BRI (Z NT) Ik 002 0T OEHD
AND BEfRIZL > TRDZBZENTEX B,

B. EHRARELREM
4 1TRARZ3DDEMEEH UABRIZOWTIE, Zil
95,

BB, UTO#HRIE. UTFDOI L 2EHEL LT3,

YaC,,Y 9Cy € AT, D0, # 00y,

ICL N ICy # @ <= 0C] @ ICs,
Z 2T, OCIEFHERAZB I BT RTDEMMEAF
DEEERT,

B.1 FEEAE
Vv, 5x6N7/=0A 0B € aCIZxfLT, &L

J9C € AC,(0C c AUB)A(ANBNC # 2),
then 9ANOBNC # @.

AEAAT %, FEIBABOSTER RAERK. 9B 9 (AxB)
€ AMMSRY, FEIBABHIVEFHEEN 672558,

C CAUB+= CCAUB+<=ANBNC =g,
which contradicts the condition ANBNC # @.
UM o>T, fHIBA ~ Bldk. A< LEI20ER
D (1 =1, 2, -+ +, L&A LEBITE
DNOL IR ey AT
Y1,0D; € C, 9D, C (AU B). (app.1)
The relationships between dC and dD; are divided
dD; and OC < Dy, but if

into 3 groups: 9C C Dy, dC ®

,0C ® oD, or if 31,0C C Dy,
A,0C @ 9D, <= N,0CND, +#@
= JCNAUB # o,

°1,0C ¢ D, <= 0C | /D, = 9C c AUB,

H3%&H0C 0 A 0 BIZFET S,

- V1,0C c Dy
Besides,
1,0C € Dy <= (1,00, < C) v (°1,0D, € O) ,
" 0C CDy+= (0D, Cc C) v (9D, C C).
If"1,0D,  C, ie., *1,0D, C C,
0C CAUB+= CCAUB+<=ANBNC =g,
which contradicts the condition ANBNC # @.
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NOBNA+# )N (0BNA+ D).

Note that the intersections exist in the relationship
(d), otherwise do not exist.

A.2 Relationships (a)-(c)

If vertices a € JA and b € OB are known, the re-
lationship between them can be determined by the in-
side/outside determination'® as follows:

(a) a€ B= 0AC B,
(b) be A= 0B C A,
(c) Otherwise, (A C B) A (0B C A).

A.3 Relationship (d)

(1) Connection of 9A and 0B

The sections A N B and A N B appear alterna-
tively along 0A as switched at the intersections, and
that is the same with 0B (see app.Fig.2 (A)). There-
fore, the boundary 9 (A N B) can be obtained by con-
necting the sections 0A N B and 0B N A, while the
boundary 0 (A U B) can be obtained by connecting the
sections A N B and 9B N A (see app.Fig.2 (B)). Here-
inafter, the former connecting method is termed “AND
Connection”, and the latter one is termed “OR Con-
nection”.

(2) Hole

If the region A N B includes a hole, then there exist

intersections of 0A and 0B (see app.Fig.2 (C)).

(A) Outside Outside (C) o
ANB Hole
LSARE N
0A 0B
(AN B) 9(A U B) 04 0B
app.Fig.2 Consideration on the relationship (d).

A.4 Intersections in This Study

Edge Intersections (EIs) are the intersections of
0Py, OT under 0P, @IT (see app.Fig.3 (A)). Note that
the boundary 9 (P,, N T) can be obtained by AND Con-

app.Fig.3 Consideration on EIs, OIs and OElIs.
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nection of 9P,,, 0T .

Outer Intersections (OIs) are the intersections of
0Py, 8(9?,/7)" under 9P, ®8(’),§,/P" (see app.Fig.3 (B)),
where 8(’),?,/ Pn (k' =1,2,..., K') denotes each polygonal
boundary of 0(X/Py) and /P, = U,,4, Pn. Note
that the boundary 0% can be obtained by multiple OR
Connections of 0Py, 8(9,?,/ Pr where ¥ =, P,.

Outer Edge Intersections (OEIs) are the intersections
of 0%, 0T under OF ®IT (see app.Fig.3 (C)), where
00F (k=1,2,...,K) denotes each polygonal boundary
of 93. Note that the boundary 8 (X N7T) can be ob-
tained by multiple AND Connections of 00,97 .

B. Feasible Conditions

The reason for the derivation of 3 conditions de-

scribed in 4.1 is discussed below.

Note that the following discussion presupposes

YaC,,Y 00y € aC,dC, # 9Cs,
ACL NOCY, # @ = IC, @ s,

where OC denotes the set of all simple closed curves in
the plane R2.
B.1 Preparation
Lemma. For given 0A,0B € 0C, if
F9C € 0C,(0C Cc AUB)A (ANBNC # 2),
then 0ANOBNC # @.

Proof. 1If the region AU B consists of an unbounded
region, i.e., 0(AUB) € 0C and the region AUB consists
of a bounded region,
0C CAUB<= CCAUB<= ANBNC =g,
which contradicts the condition AN BN C # @.
Therefore, the region AU B includes at least one
bounded region D; (I = 1,2,...,L), each of which is
disconnected with the rest regions, where
Y1,0D, € C,9D; C (AU B). (app.1)
The relationships between dC and 0D; are divided
into 3 groups: 9C C Dy, 0C @ 9D; and OC C Dy, but if
31,0C ® 9D, or if 21,0C C Dy,
3,00 ® 9D <= 31,0CND, # @
= JCNAUB # @,
Hl,ﬁchl@@CCUﬁ:ﬂ)CCm,

which contradicts the condiltion oC C AU B.
- V1,0C C Dy.
Besides,
Y1,0C ¢ Dy <= ("1,0D, c C) v (P1,0D, C O),
" 0C C Dy <= (0D, c C) v (0D, C C).
It V1,00, € C, i.e., ?1,0D; C C,
C CAUB<—CCAUB+= ANBNC =g,
which contradicts the condition AN BN C # @.
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- AL0p c ¢ (app.2)
7z, 0AL OBOEEMRIZ. (0A 0 B) V (
0B 0 A), 0A 0 B A 0 A OA 0B D3
BIZOToNED, 0A B TARIFIUIGEIKA
0 BIXIEHERMEBRDANS LY | fHIKA 0
BIZIdFR ) DREE & U ) B X /=8 FRAEIEA
HdeWd EIRDFEREFIET S,

S O0A®OB.
0A OB%{E/~F OB DD IZDE I B L %
%%2%&, 0ANB, dBNA, dANB. 9BNA, 9AN
BE72%,

IAUB) = (0ANB) U (8BNA) U(OANIB),

(app.3)
0X5Iz, 9D &HEAT D IT2WT(R(ap
p.2)SHR), dA N 0B N 9D = 90,95,
oD, (A 0 B)D/=s, 9D, dA N B 9 (A
0 B)(H(app. DZ), 1) &. aD € a((
RN (app. 1) M) LFE T SR (app. 3) 1. FEkr
M OANBL IBNABYEWIZEIMT X N T\ 5720,
DF Y., JDIIEAHRTIZ L SBBIRTH 5,

SOANIBNID, # @. (app.4)

&1z, R(app. 2), (app.4) kY
A (DANABNID;, # @) A (ID; € C)

= JANIBNC # @. [ |

B.2 Z#0EH
(1) ETTFERRBEGDDHE
AHETIE, 0T ~ P, £0P, ~ T A 0T ~ P,
DERIZE I 2 Z RN L TOHDTG.42M),
ERMEESIIRDESITERIND,
S := {,-1:|V-;;_., (P, CcT)V (0P, ® (9T)} .
Besides,

(0P, CT)V (0P, 20T) < "n.P.NT #@

(app.5)

— (U'P“) NT#@ < 3XNT #a,

S S={x|ENT # &}. (app.6)
RIFFETIX, ETTREREETEUTOL S ITEET S,
F:.=8ncC, C= {:r‘|fﬂT= @},
hence the infeasible solution set F is denoted by
F=8nC, (_SZ{Q:EHT#JZ}, (app.7)
K (app. 6), (app. 1) & V),
C={z|(ENT#2)NENT #2)}.
FEHRZ L ZOMICER 0 X WEETLINO6TH
N
ENT#£)AN(ENT #02) <= ENT #0

- (k00 NT =2).

90; £ aT DERIII>DIN—TFIZHF5h3
D 80E =T, 90L = T. 90 = T . 40}
=T.NT-=.,
- ("k, 007 NT = @) <= = ("k,00; CT)
< "k, (00} CT) Vv (00y ®0T),
- C={z’k, (007 c T)v(00F 2 aT)} .
Therefore, C can be classified into the following 3 so-

Va—vaviyh

C=8'US?US’, (app.8)
St = {:1:|Vk,ﬁ?0§ cT}.

§* = {z| 'k, 007 ® 0T},

8P =Cn8TnSe (app.9)

(2) Consideration on S!
"k00y CT = |J00; CT =05 T
k

— 8UTP-“ CT < "ndP,CT.
2 (app. 5) TE X NBHHERHEDE £ T

n, 0P, C T «— *n,0P, 20T
«— "n, 0P, NOT = 2,
ey, EINEELRWI L LEME R 5,
-8 =5,
ZZT. SHIFEI R R OBOEEERT,
X512, 9P, 8 T 9 P, &=R(app.5
) TRINSHFMREFHTEZ 5.
I, 0P, CT < "noT CcP,

@(?TCU’FTH«':,\-E?TCE

e

(app.10)

. St={z|oT c T}. (app.11)
(3) Consideration on S?

Ik, 007 2 0T «— 7k, 007 NIT # 2,
e, (BRI ELFME 25,

L ST = SOF (app.12)

ZZT, SRRl 2 OMNDELERT,
Furthermore,

Ik, 007 2 0T
< Tk, (0T N OF # @) A (EBTHO_E;&@)

= (a—rmUof # @) A (f)TﬂUO_f_;é @)

<= (OTNE#2)A(OT NI # 2).
S SP={z|(0TNE £ 2)ANOTNT # @)} .
(app.13)
(4) S3ICBET2EHE
OTL ZDEBRIIRD LS IR oD,
3 groups: 9T C ¥, 9T C ¥ and (AT N # @) A
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- 3L,0D, c C. (app.2)

In addition, the relationships between 0A and 0B
can be divided into 3 groups: (0A C B)V (0B C A),
(DA C B) A (0B C A), DA ® OB, but if not 0A ® OB,
the region A U B consists of only an unbounded region,
which contradicts the above discussion that the region
AU B includes a bounded region disconnected with the
rest regions.

S.0A®OB.

Considering that A, B satisfying 0A ® 0B are di-
vide into 5 parts: 0ANB, 90BN A, 0ANB, 9BN A and
0AN OB,

I(AUB)=(0ANB) U (0BNA)U(0ANIB),
(app-3)
‘"0ANBCBCAUB, O0BNACACAUB.

Furthermore, for 0D; satisfying 0D; C C (see equa-
tion (app.2)), if 0A N OB N ID; = &, then ID; C
(0ANB) U (8B N A) because of D; C (AU B) (see
equation (app.1)) and equation (app.3), which contra-
dicts 9D; € IC (see equation (app.l)), since the open
sections 0AN B and OB N A are disconnected with each
other, that is, 9D; is an open curve, not a closed curve.

SLOANOBNID, # 2. (app-4)

Finally, from equations (app.2),(app.4),

3, (0ANOBNID; # @) A (OD; C C)
= 0ANIBNC # .
B.2 Conditions Derivation
(1) Classification of Infeasible Solution Set

Because the solutions in the relationships 97 C P,
and (87% C 7’) A (5'7' C ﬁ) are excluded in this study
(see 5.4), the universal solution set S is defined as

S = {z|"n, (0P, C T)V (0P, ® OT)}. (app.5)

Besides,

Y, (0P C T)V (9P @ OT) <= “n, PuT £ 2
— (UP,JQT#@@EQT#@

S={z|lEnT #o}. (app.6)
In this study, the feasible solution set F is defined as
F:=8nC, C= {x}iﬂTz@},
hence the infeasible solution set F is denoted by
F=8nC, C={z|EnNT #£0}. (app.7)
From equations (app.6),(app.7),
C={z|(ENT#2)AENT #2)}.
Because there exists the boundary 0% between the
regions ¥ and ¥,
ENT#O)NENT #£0) <= 05NT £0
= - ("k,00; NT = 2).
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Considering that the relationships between 003 and
OT are divided into 3 groups: OF C T, d0F C T and
0037 @ T, and that 00F C T < 00y NT = 2,

- ("k, 000 NT = @) <=~ ("k, 00y CT)

— 7k, (007 CT) Vv (007 ®0T),

-.C={z|’k, (00} C T)V(00; @ 0T)}.
Therefore, C can be classified into the following 3 so-

lution sets:

C=S'us?uss, (app-8)
S' = {z|"k,00; Cc T},

§? = {27k,00] @ 0T},

S*=CnsSIns2 (app.9)

(2) Consideration on S*

"k,00; CT = JoOF cT=0oscT
k

<:>8UPnCT<:> Yn, 0P, C T.

Under ﬁle presupposition expressed as equation
(app.5),
Yn, 0P, C T <= *n,dP, © 9T
— "n, 0P, NIT = @,
which is equivalent to non-existence of Els.
.St =SB (app.10)
where SET denotes the set of solutions with Els.
Furthermore, considering that 0P, C T <= 90T C
P, under the presupposition expressed as equation
(app.5),
Y, 0P, C T < "n,dT C P,

<:>8TCU7T"<:>6TC§.

-8t ={z]0T c T}. (app.11)
(3) Consideration on &2
3,007 ® 0T <= 7k, 007 N 0T # @,
which is equivalent to existence of OElIs.
. 8% = SOFL (app.12)

where SOFI denotes the set of solutions with OEIs.
Furthermore,

3,007 @ 0T
= 7k, (TN O £ @) A (aTnoT??é @)

— (WnUO,? ;A@) A (a’mUog;A@)
k k

= (OTNS#2)A (0T NE # 2).
8 ={z|(0TNE#2)NOTNE#2)}.
(app-13)
(4) Consideration on &3
The relationships between 97 and ¥ are divided into
3 groups: 9T C %, 9T C ¥ and (0T NX # @) A



J-STAGE

9 U= ->T, =H(app.11), (app. 13) XV, SN

$2 = {x!T =}. (pp. 14)
2 (app. 7), (app. 9), (app. 14) & V).,
S ={z|(dT Cc S)A(ENT # 2)}.

Besides, P <= (@ for the following reasons.
P : (0T CE)A(ENT # 2)
Q : (0T € ) A (Fn, 0P, NA(B/P,)NT # @)
A P=10(Q
SUIXFEIRE 72 3T S BN SR I N 72
iR 2 AFEETS 0T 2 . £ € X
2 &2EZ5,
YNT#£#2=YNT # 2.
s P= Py,
P (0T CEYA(ENT #2).
Because an., dT C P, as described in 5.4, ¥’ is the
region of combined multiple P,,.
L, Y =P, U Py,
E!/’Pn = U p‘u’: -"\"-E’ = {'R|/)D-,,, - E!} '
'{1’7‘11.'{1’&;\"£a
L -Pl — PZ'.
Py : n, (0T C P, UY/P,)

A (P_.,m S P.NT # ra) )
Because 07 is a polygonal boundary, 07 € 0OC.
Therefore, from the lemma described in B. 1,
-PQ - J-D'.'!:
Py : Fn 0P, naX/P.)NT # 2.
Considering 9 (X'/P,,) C d(X/P,.),
P3 = P—’l:
Py I, dP, na(B/PINT # 2.
From P = 9T C ¥ and P = P,
P = Q.
B) Q=P
Considering dP, Na (3/P,) C d(P, UX/P,,) = d%,
I, 0P, NOE/P)NT # @ = IENT # @
= ENT#)ANENT #2) =INT # 2.
Q= P

U7hoT
53 _
{=|(dT € Z)A(Pn, 0P, NO(Z/P.)NT # @)} .
(app.15)
¥/, A neE2BHL, 9P, N 9 (Z/P, ) 130
IDFELEMTH S,
{.-1r|3n,(3?7u N (3(2/’}3”) AT # Qf} = SO inside T
(app.16)

-
—
ao

T, Solinside TIITRICOI 2 R DMBDES 2R

&Iz, R (app. 14), (app. 15), (app. 16) & V)
83 — ﬁ N ? O S()I inside 7_. (}1pp17)
(5) i
From equations (app.8),(app.10),(app.12),(app.17),
C — Sl U SQ U S") — W U S()Ef US{)I inside T.
0= SEI N SOET  SOT inside T

As a result, C, i.e., the feasible conditions described

in 4.1 are derived.
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(5’7' ny # @), hence from equations (app.11),(app.13),
SINS2 = {z0T c ©}. (app.14)
From equations (app.7),(app.9),(app.14),
S ={z|(d0T C)AENT #2)}.

Besides, P <= @ for the following reasons.
P : (0T COA(ENT #02)
Q : (0T CE)A (Pn, 0P, NO(S/Pn)NT # @)
P=qQ

Because X consists of a region or regions disconnected

A)

with each other, there exists the region ¥/ C ¥ satisfy-
ing 9T C ¥'. Considering ¥/ C ¥ <= X C Y/,
SNT#=YNT # 2.
P = Pl,
P T CEYA(TNT #2).
Because 7371,(9’7' C P, as described in 5.4, ¥/ is the
region of combined multiple P,,.
on, Y =P, U /Py,
S/Pa= J  Pu

n’#n,n’ €Ny,

Ny = {n|P, C E/} .

Pl <:>P2a
P2 : Hn, (8TCP7LUE//PTL)

A (7?702’/73”07';& @).
Because OT is a polygonal boundary, 07 € 9C.

Therefore, from the lemma described in B. 1,

Py = P,

Py : 0P, NA (X /P)NT # @.
Considering 0 (¥'/Pr) C 0 (X/Pr),

P; = Py,

Py : 0, 0P, N0 (/P NT # 2.
From P= 07 C ¥ and P = P,

P= Q.

Q=P

Considering 0P, N9 (X/P,) C 0 (P, UXL/P,) = 0%,
I, 0P, NO(S/Pp)NT #@ = 0SNT #2

= ENT#£)NENT #£0) =3INT # 2.
Q=P

B)

Accordingly,
83
{z[(0T C £)A(Pn, 0P, NO(S/Pu)NT # 2)} .

(app.15)
In addition, considering “n, 9P, N9 (X/P,,) is equiv-
alent to existence of Ols,
{2|Pn, 0P, NO(S/Pn)NT # @} = SO inside T
(app.16)
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where SO nside T denotes the set of solutions with OIs
inside T.
Finally, from equations (app.14),(app.15),(app.16),
S3 =81N8§2 NS0T inside T (app.17)
(5) Conclusion
From equations (app.8),(app.10),(app.12),(app.17),
C—S'US2US3 — SEI SOFI | gOI inside T
- C = SEI N SOEI M SOI inside T

As a result, C, i.e., the feasible conditions described

in 4.1 are derived.
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